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). Summary and basic notations. For each n let (X1’Y1)""’(Xn’Yn)

. random sample from a continuous bivariate distribution funection
df) H(x,y) having marginal dfs F(x) and G(y). All samples are defi
n a single probability space (2,M,P). The bivariate empirical 4af
m a sample of size n is denoted by Hn. With respect to the n randc
ariables (rvs) Xi(Yi) corresponding to the first (second) coordine
he empirical 4f is denoted by Fn(Gn), the i-th order statistic by
Y. ) end the rank of X. (Y;) by R.(Q.).

'o test the independence hypothesis H(x,y) = F(x)G(y), most common

‘ank statistics are of the linear type

T =) En a (R,) b (Q.) ;

n , i=1 n i’ n' i

here an(i), bn(i) are real numbers for i = 1,...,n (see Hajek and

idak [61).
¥ an approach analogous to that of Chernoff and Savage [3] for the
wo-sample problem, Bhuchongkul [1] proves asymptotic normality of

tandardized statistic

0.1) n1/2(Tn—u) = n1/ZEJ[Jn(Fn)Kh(Gn)dHn-“] :
here
0.2) Jn(s) = an(i) R Kn(s) = bn(i)

or (i-1)/n < s < i/n and 1 < 1 < n and where

0.3) JJ(F)K(G)dH

=
1
—
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‘or some functions J and K. However, the conditions imposed on the
reight functions(wfs) J end K are much stronger than in [3]. Jogdeo
7] proves asymptotic normality of these statistics by a different
ipproach, but still needs conditions stronger than in [3].

'he first theorem of Section 1 contains Bhuchengkul's Theorem 1 as a
ijpecial case; a full proof of the non-trivial uniformity in H is in-
:luded in our theorem. The proof of this theorem is based upon HSlder's

nequality in the form
0.4) ”I(b(F)lP(GHdHi [J|¢|Pc11]1/9[fl¢|°~a:1”q X

here I is the identity function on [0,1], AI denotes the Lebesgue measur
‘estricted to that interval, ¢ and ¥ are functions on (0,1) and p > 1,

L > 1 satisfy p_1 + q_1 = 1.

'he second theorem in Section 1 gives asymptotic normality under much
reeker conditions on the wfs-conditions equivalent to those in [3]. The

ywrice for this is a condition on the 4f H, keeping it in some sense

iimilar to the null hypothesis. This condition is

)]-5/2

0.5) an < clr(1-F)G(1-G drdG

7ith somefixed C > 1 and § > 0. Mathematically, this condition allows

. direct factorization of the lefthand integral in (0.4) which is more
fficient than H8lder's inequality. Intuitively, this condition prevents
he large X's from occurring in the same pair as large Y's with too high
. probability. Condition (0.5) always holds under the null hypothesis

with C = 1 and 6 = 0 even). It is also satisfied in the case (proposed




oy Lehmann [9]) where H can be written as a polynomial in its marginals
" and G (with appropriately chosen C > 1 and again 6§ = 0) and in the
ase (considered by Gumbel [5]) withC = 10. For further information on
she latter class see also Runnenburg and Steutel [11]. Finally (0.5)
10lds for all bivariate normal distributions with a sufficiently small
sorrelation coefficient (use Lemma 2 on page 166 of Feller [4] to see
shat (0.5) holds for a-correlation coefficient between -6/(2-3) and
i/(2-8)).

Some results of Pyke and Shorack [10] are used‘in the proofs. We employ

:he notation

p(0,0) = supy___. |o(s)-u(s)]

“or functions ¢, ¢ on (0,1).
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1. Statement of the theorems. Let

1.1) Boy = n1/2JJA [Jn(Fn)Kn(Gn)—J(Fn)K(Gn)]dHn

n

fhere An:=[X1n’th) x [Y1n,Ynn). Let

1.2) r = [I(1-1)1"" on (0,1).

le introduce the following assumptions (A1) - (A3).

'A1). The functions Jn’ J, K K and H are such that the rv By, = op(1)
miformly for all continuous dfs H.

A2). The functions J and K are defined and continuous on (0,1). They
1ave a derivative except for at most a finite number of points. In the

)pen intervals between these points the derivatives are continuous.

'he functions Jn’ J, J', Kn, K, K' satisfy

|Jl < Dra, IJ I < Dr® for n > 1, [KI < Drb, IK l < Drb for n > 1
= n! = Z = n! — =
m (0,1) and

3] <, |k'| <D

here defined on (0,1). Here D > 0 and a, a', b, b' are fixed numbers

iatisfying

a(2+8)p, <1, D(2+8)q <1, (a'-1/2+8)p, <1, ba,<1, ap <1, (b'-1/2+8)g <1

‘or some 0 < § < 1/2 and p;»q; > 1 satisfying p;1 + q;1 =1 for i = 1,2,3.
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(A3). The bivariate df H is continuous. The class of all continuous
bivariate dfs H will be denoted by H.
THEOREM 1.1. Let J , J, J', K , K, K' and H satisfy (A1), (A2) and (A3).

n
1/2

Then n (Tn—u)+dN(0,02) with finite u and ° given by (0.3) and (2.7).

Moreover, the convergence is uniform for H in H.

JOROLLARY. Theorem 1.1 is true if a = b = 1/k § and a' =Db' = 5/4 - §
for some § > O.

PROOF. Take p, = q, = 2, D, = g = 4/3 and Py = 4, = L., O

This corollary is stronger than Theorem 1 of [1] in which a =b = 1/8 - §
and a' = b' = 1. Moreover in [1] H is supposed to be absolutely continuous
and J and K twice differentiable.

In the next theorem we shall need assumptions (A1') - (A3').

(A1'). Condition (A1) holds uniformly for all continuous dfs H satisfying
(0.5) for some fixed C > 1 and 0 < & < 1/2.

(A2'). The functions J > Js J' and K s X, K' satisfy (A2) on (0,1) with
a,b = 1/2 - § and a',b' = 3/2 - § for some 0 < § < 1/2,

(A3'). The bivariate df H is continuous and satisfies (0.5) for some
fixed C > 1 and 0 < § < 1/2. The class of all such dfs H will be denoted
oy HCG'

[HEOREM 1.2. Let J , J, J', K , K, K' and H satisfy (A1'), (A2') and
(A3'). Then n1/2(Tn—u)+dN(O,o2) with finite u and o2 given by (0.3) and
(2.7). Moreover, the convergence is uniform for H in HCG'

REMARK. Suppose Jn(i/n) = E(Xin) and Kn(i/n) = E(Yin) vhere X has df

? and Y has df G. Let further J = F | and K = G '. Then (A1) holds if

7 and K satisfy (A2). See also [1], Theorem 2.

Suppose Jn(i/n) = J(i/(n+1)) and Kn(i/n) = K(i/(n+1)). Then (A1) holds

if J and K satisfy (A2) and (A1') holds if J and K satisfy (A2').
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Proof of the theorems: Define . = F(Xi) and n, = G(Yi)' Then
,...,En and Nysese,n are each sets of independent rvs uniformly dis-
ibuted on [0,1]. Denote the corresponding ordered samples by

n""’gnn and UPPTERPL I Let F_1(s) = inf{x: F(x) > s} and

'1(t) = inf{y: G(y) > t}. Define the empirical processes

n1/2

= n1/2[Fn(F_1)—I] end V= [Gn(G_1)—I] on [0,1]. These processes

tisty U (F) = n'/2(F %) ana v (6) = n'/2(6,-6) on (== ,4e).

- now give the basic application of the mean value theorem. The theorems
11 be proved under the assumption that both J en K fail to have a
rivative in just one point, say in P and t1 respectively. For y in

neighborhood of 0 define the sets

s , = F-1([Y,s = G_1([Y,t1—Y]U[t1+Y,1—Y]),

Y1 —Y3U[S1+Y,1-Y]), S

1 Y2

1)

QYn = {w: supIFn—F| <vy/e, sup|Gn—G] < vy/2} .

.fine the set SY = SY1 X SYE in the plane. Let x(QYn) denote the in-

cator function of QYn' For almost every w in QYn the mean value theorem

ves

2) n1/2J(Fn)K(Gn) = n1/2J(F)K(G) + Un(;)J'(¢n(F))K(wn(G))

+ V(@)K (¥ (6)3(e (F))

r all (x,y) in AnnSY. In (2.2) the functions ¢ eand ¥ are defined by

(F) =F + 6(F -F) and ¥ (G) = G + 6(G -G) where 6 = 0 is a
n n n W,o,X,y,n

mber between O and 1 given by the mean value theorem; and application
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' the mean value theorem is valid when w is in QYn and (x,y) is in

nSY for some y > 0. Thus

1/2 03 10
n (Tn—U) - zi=1 Aip Y Bop t 2:i=1 yin

ere By is defined in (1.1) and

A, = n1/2[fJJ(F)K(G)dHn - JJJ(F)K(G)dH],
A, = JJUn(F)J'(F)K(G)dH, Ay = IJVn(G)K'(G)J(F)dH,

1/2 _ 1/2
B1n =n IJAC n( n) n(Gn)dHn’ BY2n - _X(QYn)n JJACJ(F)K(G)dHn,

n n
1/2
By3n = x(QYn)n JJA nsc[J(F )K(Gn)-J(F)K(G)]dH ,
Y
B = x(nsn) 1/2[JJA J(F )K(Gn)dHn—JJJ(F)K(G)dH 1,
n

Y5n

y6n Yn

yTn

v8n

Y9n Yn
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2100 = X0 )| V(0 (@)t (7
n.y

_ JJVn(G)K’(G)J(F)dH.

9 = ) !
nee J7_s Bliy X(Qvn)HA . u, (F)ar(e (F))x(¥ (G))aH
n-y
. . . . .
JJUH(F)J (F)K(G)dH is symmetric to By10n’ we will not treat BY1on in
le sequel.

: now proceed by proving the asymptotic normality of the first order

rms.

e rv A1n can be written in the form

-1/2 ¢n
) =
2.3) Ap=n Zi=1 Min>

lere the A = J(F(X.))K(G(Y.)) - u are independent and identically

1in i i

stributed (iid). Applying (0.4) with p = p, and q = q, (applying (0.5))

; is seen that under (A2) (under A2') the rv A has a finite absolute

1in
yment of order 2 + 61 for some 61 > 0. Moreover this moment will be

). Finally the mean of this rv is O.

1iformly bounded for H within H (HCG

_ =1/2 tn
scause Un(F) =n Xi=1 [¢Xi(F)—F], where

2l Oy (F(x)) =0 if x < X. and ¢, (F(x)) =1 if x > X,
i i
: have
-1/2 ©n
) =
2.5) A2n n 2i=‘I 2in’
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yﬁére the A2in = [J[¢X(F)-FJJ'(F)K(G)dH are idd. For 8§ as in (A2)
1

or (A2')) we have

-1/2+8/4

A. | < max{g;

21in

'he first random factor possesses an absolute moment of order 2 + 62

3(1-£i>_1/2+6/h};D?.era'-1/g+6/h(F)rb(

G)dH.

'or some 62 > 0. Applying (0.4) with p = P, end q = q, (applying (0.5))
'e see that the second non-random factor is uniformly bounded for H in

' (Héa) under the assumptions of Theorem 1.1 (Theorem 1.2). Hence Ans

as a finite absolute moment of order 2 + 62, which is uniformly bounded

'or H in H (HCG)' The mean of this rv is O.

nalogously we can write

2.6) A, =n /2 I

3 1 B35

ith A N has a finite absolute

3i

oment of order 2 + 52 which is uniformly bounded for H in H (H

3in = JJ[¢Yi(G)-G]K'(G)J(F)dH. The rv A

CG)' The

ean again is O

.. 2 .
ombining (2.3), (2.5) and (2.6) we get A v A+ A3ﬁ+d N(0,0°) uni-

ormly for H within H (H,.) by Esseen's theorem (see e.g. [3], section L)

C§

he variance o2 is, as in [1], given by

2.7) 02 = Var[J(F(X))K(G(Y)) + JJ[¢X(F)—FJJ'(F)K(G)dH

+ [[rogt@r-orer (@) (F)am

ith ¢ as defined in (2.4).
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> now turn to the ¢ terms. The term B(

\1) and (A1'). The 1egligibility of t!

111 be given in Se >rollaries to the !
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Some lemmas. We start with a number of lemmas that are useful for

th theorems.

MMA 3.1. For any T > O the function r' is symmetric about 1/2, de-
easing on (0,1/2] and has the property that for each B in (0,1) there
ists a constant M = MB such that r' (B8s) j_MrT(s) for 0 < s < 1/2 and
(1-8(1-s)) < Mr'(s) for 1/2 < s < 1.

' j_B_TrT(s). A similar

OOF. On (0,1/2] we have r (Bs) = (Bs) ' (1-Bs)”
gument applies to the interval (1/2,1). O

NVENTION 3.1. Let Qn denote a subset of @ and let S = S, X S2 denote

1
product set in the x,y-plane. The symbol 6 = Gn will denote a function

fined for w in Q  and (x,y) in AnnS that satisfies 0 < 6 < 1. (The
netion ® will typically arise in various applications of the mean
lue theorem; as in (2.2),) For such 6 we let @n(F) =F + G(Fn—F) and
(G) =G + 8(G_-G).

MMA 3.2. For k = 0 or k = 1 and for each £ > 0, T > 0 and € > O,

sre exists a positive constant M = M (not depending on n) such

Kol sT,E
at P(Qen) > P(Qn) - € for all n and uniformly for H within H; where
_ . ) K T T \
2, = {oinQ: |Un(F)| r(e (F)) r (¥ (¢))

<y rc-n(1/2-6/h)

(F) r'(G) for all (x,y) in A_nS} .
n

JOF. It is well-known that for each e > O there exists a constant

= 8, in (0,1) such that P(Q€1n) > 1 - ¢/3 for all n where

Q 4, = {u: Bs E_Fn(F—1(s)) <1 - 8(1-s) for £, 58 < Enn} ;

1 such that P(QE ) > 1 - /3 for all n where

2n
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= {u- -1 (14 .
Qon = tw: Bt 2 G (G7 () < 1 - B(1-%) for Mg S <n .}

‘e e.g. Lemma 2.5 of Pyke and Shorack[10]. Because of the definition

» 1 < 0 <
\ @n(F) (especially because 0 < 6 < 1) on anQ€1n we have

"< @ (F) <1 - 8(1-F) for x in [X Xnn)ns1' By Lemma 3.1 this implies

— n n’
at for some constant M we have rc(é (F)) <M rg(F) for x in
C,€ n — C,4E€
'1n’Xnn)ns1 on the set anQ€1n. Analogously we have
T .
(wn(G)) E_MT’E r (G) for y in [Ym,Ynn)ns2 on the set 90, . If

= 0 we have IUn(F)IK = 1 for all x and each w. If k = 1, Lemma 2.2

'[10] implies for each € > 0 the existence of a constant M€ such that

Q . ) >1-¢/3 for all n where
€3n
o -1/2+68/k4
2oy = {w: IUh(F)! <M r (F) for all x} .

nce @ (R nQ . nQ . nQ . ) where P(Q . nQ
en n € 3n

1n e2n e €1n sZane3n) > 1-e. O

me special choices will illustrate the use of this lemma. Taking

=0 on Q x An'we have @n(F) = F and wn(G) = G. Taking 6 = 1 on @ X b

have @n(F) = Fn and ?n(G) = Gn. By taking in the latter case more-
er k =0, T =a, T =b we have with probability larger than
Q)-e = 1 - € that |J(Fn)K(Gn)| < Mr®(F) rb(G) for (x,y) in A, uni-

rmly in n and H.

MMA 3.3. For each € > O there exists an index n such that

P(i@n(F)-FI < e, |wn(G)-G| < ¢ for all (x,y) in AnnS)

>P(Q ) - ¢
n

r all n > n and uniformly for H within H.
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(00F. The definition of ¢ gives at once that [@n(F)-Fl < n‘1/2|Un(F)l

r x in [X, ,X _)nS
n’ nn

qma, 2.2 of [101. O

|» Where |Un(F)l = Op(1) uniformly in n and F by

MMA 3.4, sup_w<x’y<w|Hn(x,y)-H(x,y)[+?O uniformly for H in H as n » =,
\O0F. This follows from Theorem 1-m of Kiefer [8]. [

v any natural number k assign to each bounded function ¢ on [0,1] the
mber hk(¢) defined by hk(¢) = p(¢,¢k); where 9y is the step function
rived from ¢ by ¢, (0) = ¢(0) and ¢, (s) = ¢(i/k) for (i-1)/k < s < i/k
di=1,...,k.

MMA 3.5. h

> o
k(Un)—>p0 as k,n .

O0F. The Un—processes converge weakly to a separable tied-down Wiener
ocess Up.See Billingsley [2]. In Pyke and Shorack[10] these Un- and
-processes are replaced by Un— and ﬁo-processes on a single new probability

~ NN~ . s . » .
ace (Q,AL,P). (See also Skorokhod [127],) They satisfy the condifion

~

()

- RN
o’Uo,k) p(UO,k’Un.,k)

< ~ .
see that p(UO,k’Un,k) __p(Un, 0) Yog, 0asnae (independently of k).

U.,U )~ 0 as n~+ >, Now h (ﬁ ) < o ) +'p(ﬁ

n’> 0’ a.s. k' n n’ 0

a

reover for almost every w the function ﬁbis uniformly continuous on

,1] so that p(ﬁb,ﬁ )+ 0 as k»».This implies hk(ﬁh)+

0,k” a.s

n - «©, Because the new processes Un have the same finite dimensional

0 for
a.s.

stributions as the original processes Un’ we can translate this last
sult into the claim stated in the lemma. [J

NVENTION 3.2. By v we will understand the random index 1 < v(w) < n

ch that (Xv’Yv> is the observation with largest first coordinate. By

we Wilifunderstand the random index 1< A(w) < n such that (X,,Y,)

the observation with largest second coordinate.




IMMA 3.6. P({a < 1-a})=>1 as n > », uniformly

n S8 2 n n
>r H within H provided only na > 0 as n - o,

100F. The probability of the complement is bounded above by

j1-[1—an]n) +~ 0 as n > «, independently of H. [J

> conclude this section with some lemmas needed for Theorem 1.2.

IMMA 3.7. P(for some index i the observation (Xi,Yi) equals (Xnn,Ynn)&+O
s n > o, uniformly for H within HCG'

00F. This probability equals P(nv = ”nn)' Let B = 2! log n. Then

ly = Nt = 9,08, where Q. = {nv=nnn}n[{Ennjj—sn}u{nnnfj—ﬁn}] and

n {nv=nnn}ﬂ[{inn>1—8n}n{nnn>1—8h}]. It follows that

P(Q )iPﬁm;y£Q-+Mmmg-%)=2m-%

n

P(q, ) = P(u P (X)) + G(Y.) 3_2(1-Bn)})
=1 - P(n2=1{F(Xi) + G(Yi) < 2(1—Bn)})

=1-{1- JJ am® .
A

(0.5) and H8lder's inequality this last expression is bounded by

1 - {1—C[JJ{r(F)r(G)}1/2dFdG]G[JJ dFdG]1_6}n
JA

_ 2y1=-8.n
=1 - {1-01(26n) >0

n >~ o, because 2(1-8§) > 1 if 0 < § < 1/2. In these expressions the
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mbol A denotes the region {F(x) + G(y) 3_2(1-Bn)} in ¢
mber space and C1 is some constant depending on C and
i_1—yn) + 1 as n > , uniformly fox

\Y

l00F. This probability equals 1 - P(0 < n_ < y_) - P(1
— -V n

.cause of the independence of the sample elements and t
servations have unequal coordinates with probability 1

P(inv<yn) = nP([n?;}{F(Xi)jF(Xn)}]ﬂ{Ojﬁ(Yn)<Yn}

]

]
—
N

>

=

He B3
I
"
[
<
|

ere the symbol A now denotes the region

-1
{x1 S XseeesX 4 S XY <G (Yn)}

2n-dimensional number space. First calculate

o0 X (+®
" J dH(x1,y1) = F(xn) and next I n J':

oo - -0

ter (n-1) steps our original integral, taking into acc

can be written as

G (v) o,
n J-m J 3 nop (xn) dH(xn,yn) .

(0.5) this expression is bounded by

1sional




1
! n[J $/2 dI
0
51 nlT( /T (n+1
- —5+8°
,nn n
use -6 2/2 <
some ¢ ts dep
shown ( 1—Yn
in H

C§
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. Uniform negligibility of the Bn terms.

JROLLARY L4.1. B1n+po as n > ®, uniformly for H within H (H

00F. This rv is bounded by Z§=1 B,., Where

o)

B, = n1/2!Jn(1)lf

11n [k (G (y))]aH (x_.¥) ,

[y, ,Y
n’ nn
o = 2 213,(05 (1)1 a_(x,y)
{((x_,Y )}
nn- nn
_1/2
Bigp =1 |Kn(1)|([X . )|Jn(Fn(x))|dHn(x,Ynn) .

1n’"nn

der the assumptionsAof Theorem 1i1 we have at once that the

-1/2 na+b

m of these terms is bounded by 3D2 n > 0 as n ~> °, uniformly

r H in H. (Note that at+b < 1/2 by (A2) and recall formula (0.2).)

der the assumptions of Theorem 1.2 consider first B11n. Because the

ndom element Gn(y) is strictly bounded away from O and 1 on [Y1n’Ynn)
see that |K (G _(y))]| < Drb(

26 < Gn(y)) on that interval. Application of

mma. 3.2 with ©

1,9 =9, 8= (=e,+®), k = 7 =0 and T = b gives
at rb(Gn(y)) j_Mrb(G(y)) on Qen; with P(Qen) > 1-¢ uniformly in n and

iformly for H in H. Hence B i_DMn—1/2IJn(ﬂ)|rb(nv) on Q_ , using

11n
nvention 3.2. For brevity, put n_1/2|Jn(1)| =y, and note that by

2') v j_D1 n for some constant D, 2D, independent of H. Let

1-b -b
= < - -> ->
{y_ <n 11n < DMY_ (1 Yn) 0Oas n=>®on

< 1.
i n <1 xn}. Then B

\Y

an . Applying Lemma 3.8 we see that P(Q

1n ) > 1 as n > ® uniformly

n
r H within HCG' Hence P(QEan1n) > 1-2¢ for n large enough, uniformly

r H within HCS' A symmetric argument can be used for B For the rv

13n’

op USe Lemma 3.7 to see that the set on which this rv may have a value

equal to 0 has probability converging to 0 as n - «, uniformly for

within HCG' ad
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JROLLARY 4.2. For each y the rv B n+Po as n + ®, uniformly for H

Y2
-thin H (Hcé).

00F. Irrespective of Y this rv is bounded by Z? B,.. where
A% i=1 "2in°’

_ .2 =1/2 a b _ 2 =1/2 a b

By, =D'n r (£v)r (nv) and B,, =Dn r (&A)r (nk) R
sing Convention 3.2,
ider the assumptions of Theorem 1.1 let
. . 3 . . " a+b- ‘ :
= log & j_ﬂfan]n{ah =n ih]—an},Wlth o = n&+P 3/2. Note that
.. > 0. Then
n
2 -1/2 -a-b -a-b
B21n <D™ n a (1-an)
1mg- —a—
=(na ) ® b(1 - an) ab 0

'n >« on @, . Lemma 3.6 gives that P(Q, ) - 1 uniformly for H in H.

1 n

r the rv B22n a symmetric: argument applies.

.der the assumptions of Theorem 1.2 let
- . : = (n'1 =1
= 1B 28 Bn}n{yn <, £1-v 3, with 8 = (n log n) and

_ =8 2 -1/2 ,-a _-b
=n . Then B,, <D"n B Y (

-8 (1-Yn)-b +~ 0 as n > > on

1-8.)

e set Q because a = 1/2 -= § and b = 1/2 - § by (A2')+ By Lemma 3.6

2n’

d Lemma 3.8 we see that P(an) +~ 1 as n > «, uniformly for H in HCG'

e rv B22n can be treated in a similar way. [
ROLLARY 4.3. The rv By3n+po as Y+0 uniformly in all n and H within
(HCG)'

OOF. For arbitrary w in Q, take (x,y) in An. The closed line segment
om (F(x),G(y)) to (Fn(x),Gn(y)) has at most two points in common with

and G(y) = t, in the plane. On the closed

e pair of lines F(x) = s :

1
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:gment JK is continuous, and on the open sub-segments between these
>ints it is even continuously differentiable. Hence.the mean value
1eorem applies step wise. Consequently for almost every w in Q we can

~ite

1) nV25F k(e ) = n'/?

Jx(G JEKE) + [ e [U_(F)I" (o, (F))K(¥, (G))

in

+ vn(G)K'(Win(G))J(éin(F))J ,

v all (x,y) in A . In (4.1) the functions &. and ¥. are defined
n in in
r some ei similarily to equation (2.2). For each i = 1,2,3 the ei

‘e defined for almost all w in @ and for (x,y) in An. Both the 6. and

2

le c. lie between O and 1. This implies that |By3n| i-zi=1 By3in;

lere

3 ! e b .
BY31n B zi=1 {JA nsCIUn(F)Ira (Qin<F))r'(w' (@))ar,

in n
n -y
- V3 b! a
BY32n - zl=1 JfA nscl n(G)!r (Wln(G”r (an(F))dH '
n-y

c
Y1

the set arising from application of Lemma 3.2 with 6 = ei for w in

t R be the real line. Because Ssc((S XR)U(RXS$2)), we have (if e

= Q and withk = 1, z =a', T =Db) that

2 a'-1/2+ &L b
(X(Qen)By31n) < 3D MJ S$1x§' (F)r (G)aH

+ 3D2M[J . &' =12 8 by Payan
ReS7,




-20-

ader the assumptions of Theorem 1.1 apply (0.4) to each of the terms
1 the bound for this expectation. Then the first of these terms is

zen to be bounded by

(a'-1/248)p, - 1/p b 1/
3D2M[ff r' L 2(F)dH] 2[[[ r q2(G)dH] *2
s€ xR s€ xR

X
y1 Y1

(a'-1/2+8)p 1/p, [ by 1/
j‘SDEMEJ T 2(F)ar] ?[Jr 2(c)ac] 2
S

vl

1ich is less thah 62 for 0 < y < Yeo uniformly for H within H by the

(a'-1/2+8)

ummability of r P2, The same is similarily true for the second

rm in the bound for E(x(Q )

en By31n)' Moreover the set Qen has probability

wrger than 1-e, uniformly in n and H within H. Hence

x(Q__)

2, _ .
en BY31n > €) < 2"/e = 2¢ for all n, all H in H and all 0 < y < Ye

* Markov's inequality. Thus By31n+p0 as y¥0 uniformly in n and H in H.

nally the entire argument can be repeated for BY32n

der the assumptions of Theorem 1.2 apply (0.5) to each of the terms

i the bound for this expectation. Then the first of these terms is at
.ce seen to be bounded by
- i -8
3D2MC[J ! 6/)*(F)dF][Jr1/2 /2(6)ag1 > o
S
v1
Y¥0 uniformly in n and H within HCG' The same holds for the second

rm in the bound for E(x(Q_ )

en BY31n)' Recalling that P(Qen);>1_€

iformly in n and H within H and repeating the same argument for

30n° the corollary is proved. [
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JROLLARY L4.4. For each Y the rv B yy o0 as n > @,
—_— Y4n p

.thin H.

}00F., For a fixed Y, by the Glivenko-Cantelli len

‘Qin) = 0 on a set whose probability approaches 1

. the marginals F and G for H in H. (Note that

1/2

\p an-F| <n" ad

-0< <0 Sup0_<_sf_1 |Unl . )

)ROLLARY L4.5. Uniformly in y the rv By5n+p0 as n
).

within H(HCG

for H

r

niforn

1y for




-0

r1/2-6/h

00F. First remark that TUn(F)l (F) is bounded in probability

r a constant M, uniformly in n and the marginal F of H in H (see [10],
e c e . -
smma, 2.2). Because Anc(([x1n’xnn) XR)U(RX[Y1n’Ynn) )), with probability

:ar one we have

1B, | < Demjft ' =1/248/% (522 (6)am

Y5n' —

2 ra'—1/2+6/h(F)rb(

+ D Mff R G)dH .
RxLY, ,Y )
1n’"'nn

\der the assumptions of Theorem 1.1 apply (0.4) to each of the terms of

1is bound with p = p, and q = q,. Then the first of these terms is

2 2

ien to be bounded by

5 (a'—1/2+6)p2
D M[I[X . (F)aF]
1n’ nn

1/p, 1/,
. ->

[erq2<c)aej
a.s.

i n > 3 all this being uniform for H in H. The corollary is proved

ider the assumptions of Theorem 1.1 because a similar argument holds

v the second term in this bound.

\der the assumptions of Theorem 1.2 apply (0.5) to each of the terms

> this bound. Then the first of these terms in turn is seen to be

unded by

D2Mc[f cr"s/“(F)aFJ[fr1/2'5/2(G>aej+a _ o
[X1n’Xnn)

i n > «3 all this being uniform for H within HCG' The corollary is
‘oved, becauée a similar argument holds also in this case for the
:cond term in the bound. [

JROLLARY 4.6. The rv By6ﬂ+po as y+0 uniformly in all n and H within

HCG)'




-23-

\O0F'. For reasons similar to those in the proof of Corollary 4.3 we

ve

- §/h b
., | < DQMIJ 2 =1/248 /% 1), PGy an
yén' — c
57 R

. DeMIJ . ra'-1/2+a/u(F)rb(G)dH
RXS.,

. the set an arising from application of Lemma 3.2 with © defined
rmula (2.2) for w in Q = Qvn and (x,y) in AnnSY and with « = 1,
=a', T = b,

der the assumptions of Theorem 1.1 we get the desired result in th
me way as in the corresponding part of the proof of Corollary 4.3;
ly it is easier since dH replaces dHn.

der thé assumptions of Theorem 1.2 we similarily copy Corollary L.
placing dH Dby dH. [

ROLLARY L4.7. For each Y the rv B

Y7n+po as n > @, uniformly for H
thin H.

géz. Consider the set Qen arising from application of Lemma 3.2 wi
defined by formula (2.2) for w in Qn = QYn and (x,y) in AnnSY; but
is time with x = 1, £ = T = 0. Then

B, <M supAnnSYlJ'(¢n(F))K(Wn(G))—J'(F)K(G)|

Q. Since J'(F)X(G) is uniformly continuous on an open set conta
/2° application of Lemma 3.3 gives that this bound +P0 as n~>x, 0
her hand we have P(Qen) > 1-g as n > ©, All of this is uniform for

thin H. 0O
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JROLLARY 4.8. For each Yy the rv BY8n+po as n > ®, uniformly for H
thin H.

3 .
’ . < ). . H
00F. We have IBy8n| __zl=1 BY81kn’ where (see notation sbove Lemm:

By81kn ~
B, 8okn = }st Un’k(F)Ji(F)Kk(G)d(Hn—H)| .

BY83kn =

th B d By83kn are bounded by the supremum of the integrand;

Y81kn *°

ich is in turn bounded by

g (U) mas g 4 g, 197 (DK
+osupy g 1Up ()] max, 3T (8)K(E) - gy ()R (0)]

nce J'K is:uniformly continuous on the square vy < s,t < 1-y, the

rst term converges in probability to O as k,n * ® by Lemma 3.5. Th
cond term also converges in probability to 0 as k > », even unifor
n, because sup02§£J|Un,k(s)| E'Su90§§§j|Un(s)| is bounded in prob

iformly in n by Lemma 2.2 of [10].Hence B 0 as k,n

v81kn * By83kn+p

1 this moreover is uniform for H within H. By the same Lemma 2.2 o
is seen that the values of the step function restricted to SY,'in

8oxn® 8Fe bounded in probability (uniformly in n and H in H) by a

nstant M. Let aijkn be the value on the rectangle
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Rygp = (B ((GE=1)/k,3/80) = 671 (((3=1)/,3/61))ns,

:nce with probability near one

k otk
25— j=1 %ijkn ”R a(H,-5)]
ijk

B
yY82nk

| A

Muk? sup |Hn—H|+PO

>r each k as n > «, uniformly for H within H. This convergence to 0 is
sen by Lemma 3.4. These results combined prove the corollary. [
JROLLARY h.g. For each y the rv BY9n+p0 as n > ©, uniformly for H
.thin H.

00F. See the proof of Corollary L.k, 0O

» will now show how the results of these corollaries can be combined
» complete the proof of the theorems. Let therefore an arbitrary

> 0 be given. First use corollaries 4.3 and 4.6 to choose a fixed vy
ich that P(|BYin] < €/10) > 1-¢/10 uniformly in n for i = 3,6. Next
e (A1) or (A1') and Corollaries 4.1, 4.2, 4,4, 4.5, 4,7 = 4.9 to
wose for the above value of y an index nEY such that

B, | < £710) >1-¢/10 for n > n,, end i = 0-1,2,4,5,7-9. This’ -

9 < g) > 1-¢ for all n > Doyt O

iplies that P(z:.L=0 Bin <
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